In 1988 the NA31 experiment presented the first evidence of direct CP violation in the K 0 → ππ decay amplitudes. A clear signal with a 7.2 σ statistical significance was later established with the full data samples from the NA31, E731, NA48 and KTeV experiments, confirming that CP violation is associated with a ∆S = 1 quark transition, as predicted by the Standard Model. However, the theoretical prediction for the measured ratio ε /ε has been a subject of strong controversy along the years. Although the underlying physics was already clarified in 2001, the recent release of improved lattice data has revived again the theoretical debate. We review the current status, discussing in detail the different ingredients that enter into the calculation of this observable and the reasons why seemingly contradictory predictions were obtained in the past by several groups. An update of the Standard Model prediction is presented and the prospects for future improvements are analysed. Taking into account all known short-distance and long-distance contributions, one obtains Re (ε /ε) = (15 ± 7) · 10 −4 , in good agreement with the experimental measurement.
Historical prelude
The investigation of kaon decays [1] has a fruitful record of very important scientific achievements, being at the origin of many of the fundamental ingredients that have given rise to the current structure of the electroweak Standard Model (SM) [2] [3] [4] : the flavour concept of strangeness [5, 6] , parity violation [7, 8] , meson-antimeson oscillations [9] , quark mixing [10] , the GIM mechanism [11] and CP violation [12, 13] . Since their discovery in 1947 [14] , kaons have played a very significant role in our understanding of fundamental physics, providing accurate tests of quantum mechanics and uncovering the existence of higher-mass scales such as the charm [11, 15] and the top quarks [13, 16] . Nowadays, the kaon decay data continue having a major impact on flavour phenomenology and impose very stringent constraints on plausible scenarios of new physics.
The measured ratios of K L → 2π and K S → 2π decay amplitudes,
exhibit a clear violation of the CP symmetry at the per-mill level [17] , |ε| = 1 3 η 00 + 2 η +− = (2.228 ± 0.011) · 10
which originates in a ∆S = 2 weak transition between the K 0 and theK 0 states [1, 12] . A more subtle effect is the existence of a tiny difference between η 00 and η +− that has been experimentally established through the ratio [18] [19] [20] [21] [22] [23] [24] [25] [26] Re (ε /ε) = 1 3 1 − η 00 η +− = (16.6 ± 2.3) · 10 −4 ,
demonstrating the existence of direct CP violation in the K 0 → 2π decay amplitudes. This measurement plays a crucial role in our understanding of the dynamical origin of the CP violation, since it confirms that it is associated with a ∆S = 1 transition, as predicted by the SM Cabibbo-Kobayashi-Maskawa (CKM) mechanism [10, 13] .
The theoretical prediction of ε /ε has a quite controversial history [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] because the first next-to-leading order (NLO) calculations [29] [30] [31] [32] [33] [34] claimed SM values one order of magnitude smaller than (3), contradicting the clear signal observed in 1988 by the CERN NA31 collaboration [18, 19] and giving support to the null result obtained by the E731 experiment at Fermilab [23] . The final confirmation that Re (ε /ε) ∼ 10 −3 , with the NA48 [20] [21] [22] and KTeV [24] [25] [26] data, triggered then a large number of new-physics explanations for that exciting "flavour anomaly".
1 However, it was soon realized that the former SM predictions had missed completely the important role of the final pion dynamics [40, 41] . Once long-distance contributions were properly taken into account, the theoretical prediction was found to be in good agreement with the experimental value, albeit with unfortunately large uncertainties of non-perturbative origin [42] .
Numerical QCD simulations on a discretised space-time volume are an appropriate tool to address non-perturbative problems. However, lattice calculations of the K → 2π amplitudes face many technical challenges, associated with their Minkowskian nature (the physical amplitudes cannot be extracted from standard Euclidean lattice simulations [47] ), the presence of several competing operators with a very involved dynamical interplay, and the vacuum quantum numbers of the isoscalar ππ final state (a large vacuum-state contribution must be subtracted, which deteriorates the signal to noise ratio). For many years, a quantitative lattice corroboration of the known enhancement of the ∆I = 1/2 amplitude remained unsuccessful, while attempts to estimate ε /ε were unreliable, often obtaining negative values due to an insuficient signal in the isoscalar decay amplitude [48] [49] [50] [51] . The situation has changed in recent years, thanks to the development of more sophisticated techniques and the increasing power of modern computers. A quite successful calculation of the ∆I = 3/2 K + → π + π 0 amplitude has been achieved by the RBC-UKQCD collaboration [52] [53] [54] , and the first statistically-significant signal of the ∆I = 1/2 enhancement has recently been reported [55] , confirming the qualitative dynamical understanding achieved long time ago with analytical methods [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] . 2 From its most recent lattice data, the RBC-UKQCD collaboration has also extracted a first estimate for the direct CP-violation ratio: Re(ε /ε) = (1.38 ± 5.15 ± 4.59) · 10 −4 [54, 67] . Although the quoted errors are still large, the low central value would imply a 2.1 σ deviation from the experimental value in Eq. (3). This discrepancy has revived some of the old SM calculations predicting low values of ε /ε [68] [69] [70] (missing again the crucial pion dynamics), and has triggered new studies of possible contributions from physics beyond the SM [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] .
Before claiming any evidence for new physics, one should realize the technical limitations of the current lattice result. In order to access the Minkowskian kinematics with physical interacting pions, evading the Maini-Testa no-go theorem [47] , the RBC-UKQCD simulation follows the elegant method developed by Lellouch and Lüscher [89] to relate the infinitevolume and finite-volume results. At finite volumes there is a discrete spectrum and the box size can be tuned to get pions with the desired momentum; moreover, the Lüscher quantization condition [90, 91] allows one to compute the needed S-wave phase shift of the final ππ state. The (ππ) I phase shifts, δ I (I = 0, 2), play a crucial role in the calculation and provide a quantitative test of the lattice result. While the extracted I = 2 phase shift is only 1 σ away from its physical value, the lattice analysis of Ref. [67] finds a result for δ 0 which disagrees with the experimental value by 2.9 σ, a much larger discrepancy than the one quoted for ε /ε. Obviously, nobody is looking for any new-physics contribution to the ππ elastic scattering phase shifts. Nevertheless, although it is still premature to derive strong physics implications from these lattice results, they look already quite impressive and show that substantial improvements could be achieved in the near future [92] .
Meanwhile, it seems worth to revise and update the analytical SM calculation of ε /ε [42] , which is already 16 years old. A very detailed study of electromagnetic and isospin-violating corrections, which play a very important role in ε /ε, was accomplished later [93] [94] [95] . Although the main numerical implications for the ε /ε prediction were reported in some un-published conference proceedings [46] and have been quoted in more recent reviews [1] , a complete phenomenological analysis including properly these corrections has never been presented. The penguin matrix elements that dominate the CP-violating K → 2π amplitudes are also quite sensitive to the numerical inputs adopted for the light quark masses. Thanks to the impressive lattice progress achieved in recent years [96] , the quark masses are nowadays determined with a much better precision and their impact on ε /ε must be investigated. Moreover, we have now a better understanding of several non-perturbative ingredients entering the calculation such as chiral low-energy constants and large-N C relations [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] [109] [110] [111] [112] [113] .
A convenient decomposition of the K → 2π amplitudes [94] that allows us to incorporate electromagnetic and isospin-violating corrections, closely following the familiar isospin notation, is presented in section 2. We also review there the phenomenological expressions needed to compute ε /ε and the isospin-breaking corrections computed in Refs. [93] [94] [95] . The short-distance contributions to ε /ε are detailed in section 3, where large logarithmic corrections ∼ α k s (µ) log n (M W /µ) are summed up with the renormalization group, at the NLO (k = n, n + 1). The hadronic matrix elements of the relevant four-quark operators are discussed in section 4. Their chiral SU (3) L ⊗ SU (3) R symmetry properties are analysed, emphasizing the reasons why the strong and electroweak penguin operators Q 6 and Q 8 dominate the CP-odd kaon decay amplitudes into final pions with I = 0 and 2, respectively. Using the large-N C limit, with N C the number of QCD colours, we also provide there a first simplified estimate of ε /ε that exhibits the presence of a subtle numerical cancellation. This estimate allows us to easily understand the numerical values quoted in Ref. [70] .
Sections 5, 6 and 7 present a much more powerful effective field theory (EFT) approach to the problem. The low-energy realization of the short-distance ∆S = 1 effective Lagrangian is analysed in section 5, using the well-known techniques of Chiral Perturbation Theory (χPT) [114] [115] [116] [117] [118] [119] [120] that make possible to pin down the long-distance contributions to the K → ππ amplitudes and unambiguously determine the logarithmic chiral corrections. Section 6 discusses the matching between the short-distance Lagrangian and χPT and shows how the chiral couplings can be determined at N C → ∞. The kaon decay amplitudes are worked out in section 7, at the NLO in the chiral expansion. The one-loop chiral corrections are rather large and have a very important impact on ε /ε because they destroy the numerical cancellation present in simplified analyses. This is explained in section 8, which contains the updated determination of the CP-violating ratio. A detailed discussion of the current result and the prospects for future improvements are finally given in section 9. The input values adopted for the different parameters entering the analysis are collected in the appendix.
Isospin decomposition of the K → ππ amplitudes
The K → 2π decay amplitudes can be parametrized in the general form 3 [94]
which expresses the three physical amplitudes in terms of three complex quantities A ∆I that are generated by the ∆I = 
, our notation closely follows the usual isospin decomposition. In the CP-conserving limit the amplitudes, A 0 , A 2 and A + 2 are real and positive by definition. In the SM, A 5/2 = 0 in the absence of electromagnetic interactions. If isospin symmetry is assumed, A 0 and A 2 = A + 2 correspond to the decay amplitudes into the I = 0 and 2 (ππ) I final states. The phases χ 0 and χ 2 = χ + 2 can then be identified with the S-wave ππ scattering phase shifts δ I at √ s = M K , up to isospin-breaking effects [94, 95] . In the isospin limit (keeping the physical meson masses in the phase space), A 0 , A 2 and the phase difference χ 0 − χ 2 can be directly extracted from the measured K → ππ branching ratios [121] :
They exhibit a strong enhancement of the isoscalar amplitude with respect to the isotensor one (the so-called "∆I = rule"),
and a large phase-shift difference between the two isospin amplitudes, which mostly originates in the strong S-wave rescattering of the two final pions with I = 0. When CP violation is turned on, the amplitudes A 0 , A 2 and A + 2 acquire imaginary parts. The direct CP-violating signal is generated by the interference of the two possible K 0 → ππ decay amplitudes, with different weak and strong phases. To first order in CP violation,
Thus, ε is suppressed by the small dynamical ratio ω. The global phase φ ε = χ 2 −χ 0 +π/2 = (42.5 ± 0.9)
• is very close to
, the so-called superweak phase. This implies that cos (φ ε − φ ε ) ≈ 1 and ε /ε is approximately real.
Eq. (7) involves a very delicate numerical balance between the two isospin contributions. In order to minimize hadronic uncertainties, the CP-conserving amplitudes ReA I are usually set to their experimentally determined values. A first-principle calculation is only needed for the CP-odd amplitudes ImA 0 and ImA 2 , which are dominated by the strong and electromagnetic penguin contributions, respectively, to be discussed in the next section. However, naive estimates of ImA I result in a large numerical cancellation between the two terms, leading to unrealistically low values of ε /ε [29] [30] [31] [32] [33] [34] . The true SM prediction is then very sensitive to the precise values of the two isospin contributions [37, 39] . Small corrections to any of the two amplitudes get strongly amplified in (7) because they destroy the accidental numerical cancellation.
Isospin violation plays a very important role in ε /ε due to the large ratio 1/ω. Small isospin-violating corrections to the dominant decay amplitude A 0 generate very sizeable contributions to A 2 , which have obviously a direct impact on ε /ε. Isospin-breaking effects in K → ππ decays have been systematically analysed in Refs. [93] [94] [95] , including corrections from electromagnetic interactions, at NLO in χPT. To first order in isospin violation, ε can be expressed in the following form, which makes explicit all sources of isospin breaking:
From the (isospin conserving) phenomenological fit in Eq. (5), one actually extracts ω + = ReA + 2 /ReA 0 , which differs from ω by a pure ∆I = 
The superscript (0) on the amplitudes denotes the isospin limit and [93, 94] 
The final numerical result for ∆ 0 is governed to a large extent by the electromagnetic penguin contribution to ImA 0 .
The expression (9) takes already into account that ImA 2 is itself of first order in isospin violation. It is convenient to separate the leading contribution of the electromagnetic penguin operator from the isospin-breaking effects generated by other four-quark operators:
This separation is renormalization-scheme dependent, 4 but allows one to identify those isospin-violating contributions which are enhanced by the ratio 1/ω and write them explicitly as corrections to the I = 0 side through the parameter [93, 94] Ω IV = ReA
This quantity includes a sizeable contribution from π 0 -η mixing [122] which dominates the full NLO correction from strong isospin violation: Ω α=0 IV = (15.9±4.5)·10 −2 . Electromagnetic contributions are responsible for the numerical difference with the value in Eq. (13) .
The phenomenological analysis of ε /ε can then be more easily performed with the expression
with [93, 94 ]
Notice that there is a large numerical cancellation among the different isospin-breaking corrections. Although the separate strong and electromagnetic contributions are sizeable, they interfere destructively leading to a final isospin-violation correction of moderate size.
Short-distance contributions
In the SM, the flavour-changing ∆S = 1 transition proceeds through the exchange of a W boson between two weak charged currents. Since M K M W , the heavy W boson can be integrated out and the effective interaction reduces to a local four-fermion operator, [sγ
) and the relevant CKM factors V ud V * us . The inclusion of gluonic corrections generates additional four-fermion operators, which mix under renormalization [123] [124] [125] [126] [127] :
where V ± A indicates the Lorentz structure γ µ (1 ± γ 5 ) and α, β denote color indices. When colour labels are not explicit, colour-singlet currents are understood (qΓq ≡q α Γq α ). The first two operators originate in the W -exchange topology of figure 1a, while the QCD penguin diagram in figure 1b gives rise to Q 3,4,5,6 .
4 The renormalization-scheme ambiguity is only present in the electromagnetic contribution. The splitting between ImA Four additional four-quark operators appear when one-loop electroweak corrections are incorporated. The electroweak penguin diagrams in figure 1c generate the structures [128] [129] [130] [131] [132] 
where e q denotes the corresponding quark charge in units of e = √ 4πα. The presence of very different mass scales (M π < M K M W ) amplifies the gluonic corrections to the K → ππ amplitudes with large logarithms that can be summed up all the way down from M W to scales µ < m c , using the Operator Product Expansion (OPE) and the renormalization group. One finally gets a short-distance effective Lagrangian [133] ,
defined in the three-flavour theory, with the different local operators modulated by Wilson coefficients C i (µ) that are functions of the heavy masses (M Z , M W , m t , m b , m c > µ) and CKM parameters: Table 1 : ∆S = 1 Wilson coefficients at µ = 1 GeV (y 1 = y 2 = 0).
For convenience, the global normalization in Eq. (18) incorporates the tree-level dependence on CKM factors, so that C i = δ i2 at lowest order (LO), and the unitarity of the CKM matrix has been used to remove the dependences on V cd V * cs . The Wilson coefficients C i (µ) are known at the next-to-leading logarithmic order [134] [135] [136] [137] . This includes all corrections of O(α n s t n ) and O(α n+1 s t n ), where t ≡ log (M 1 /M 2 ) refers to the logarithm of any ratio of heavy mass scales M 1 , M 2 ≥ µ. Moreover, the full m t /M W dependence (at LO in α s ) is taken into account. Some next-to-next-to-leading-order (NNLO) corrections are already known [138, 139] and efforts towards a complete short-distance calculation at the NNLO are currently under way [140] .
In table 1 we provide the numerical values of the Wilson coefficients, computed at the NLO with a renormalization scale µ = 1 GeV. The results are displayed in the MS renormalization scheme and for two different definitions of γ 5 within dimensional regularization: the Naive Dimensional Regularization (NDR) and 't Hooft-Veltman (HV) schemes [141] [142] [143] [144] . The inputs adopted for the relevant SM parameters are detailed in the appendix A, in table 6. The dependence of the Wilson coefficients on the renormalization scheme and scale should cancel with a corresponding dependence on the hadronic matrix elements of the fourquark operators. However, given their non-perturbative character, a rigorous evaluation of these matrix elements, keeping full control of the QCD renormalization conventions, is a very challenging task. As shown in table 1, the Wilson coefficients have a sizeable sensitivity to the chosen scheme for γ 5 , which limits the currently achievable precision. The table illustrates also their variation with the input value of the strong coupling, which has been taken in the range α (n f =3) s (m τ ) = 0.325 ± 0.015 [17, 145] . To generate CP-violating effects, the SM requires at least three fermion families so that the CKM matrix incorporates a measurable complex phase. For the K → 2π transitions, this implies that direct violations of CP can only originate from penguin diagrams where the three generations play an active role. Thus, the CP-violating parts of the decay amplitudes, ImA I , are proportional to the y i (µ) components of the Wilson coefficients, which are only non-zero for i > 2. In the Wolfenstein parametrization [146] , Im τ ≈ −λ 4 A 2 η ∼ −6 · 10 −4 , exhibiting the strong suppression of these effects in the SM.
Hadronic matrix elements
Symmetry considerations allow us to better understand the dynamical role of the different four-quark operators. The difference Q − ≡ Q 2 − Q 1 and the QCD penguin operators transitions. Thus, they do not contribute to the A 2 amplitude if isospin is conserved. ∆I = 3 2 transitions can only be generated through the complementary combination Q (27) ≡ 2Q 2 + 3Q 1 − Q 3 , which transforms as a (27 L , 1 R ) operator and can also give rise to processes with ∆I = . Owing to their explicit dependence on the quark charges e q , the electroweak penguin operators do not have definite chiral and isospin quantum numbers. The operators Q 7 and Q 8 contain (8 L , 1 R ) and (8 L , 8 R ) components, while Q 9 and Q 10 are combinations of (8 L , 1 R ) and (27 L , 1 R ) pieces.
The chiralities of the different Q i operators play also a very important dynamical role. Making a Fierz rearrangement, one can rewrite all operators in terms of colour-singlet quark currents. While the (V −A)⊗(V −A) operators remain then with a similar Lorentz structure,
the two (V −A)⊗(V +A) operators transform into a product of scalar/pseudoscalar currents,
For light quarks, the hadronic matrix elements of this type of operators turn out to be much larger than the (V − A) ⊗ (V − A) ones. This chiral enhancement can be easily estimated in the limit of a large number of QCD colours [147, 148] , because the product of two colour-singlet quark currents factorizes at the hadron level into two current matrix elements:
Thus, when N C → ∞,
while
where F π = 92.1 MeV is the pion decay constant. Notice the µ dependence of this last matrix element, which arises because the scalar and pseudoscalar currents get renormalized, but keeping the products m(1, γ 5 )q invariant under renormalization. On the other side, the vector and axial currents are renormalization invariant, since they are protected by chiral symmetry. This different short-distance behaviour has important consequences in the analysis of ε /ε. At µ = 1 GeV, the relative ratio between the matrix elements in Eqs. (24) and (23) is a large factor
Owing to their chiral enhancement, the operators Q 6 and Q 8 dominate the CP-odd amplitudes ImA (0) 0 and ImA emp 2 , respectively, in Eq. (14) . As shown in table 1, Q 6 has in addition the largest Wilson coefficient y i (µ). Ignoring all other contributions to the CPviolating decay amplitudes, one can then make a rough estimate of ε /ε with their matrix elements [129, 149] :
where
is the kaon decay constant and the factors B
(1/2) 6 and B (3/2) 8 parametrize the deviations of the true hadronic matrix elements from their large-N C approximations; i.e., B
5 The renormalization-scale dependence of y 6 (µ) and y 8 (µ) is cancelled to a large extent by the running quark masses, leaving a very soft residual dependence on µ for the unknown parameters B . This very fortunate fact originates in the large-N C structure of the anomalous dimension matrix γ ij of the four-quark operators Q i . At N C → ∞, all entries of this matrix are zero, except γ 66 and γ 88 [150] . This just reflects the factorization property in Eq. (22) and the fact that the product mis renormalization invariant.
Inserting these two matrix elements in Eq. (14) and taking the experimental values for all the other inputs, one finds
With B
(1/2) 6 = B (3/2) 8 = 1 and Ω eff = 0.06, this gives Re(ε /ε) ≈ 1.0 · 10 −3 as the expected order of magnitude for the SM prediction. However, there is a subtle cancellation among the three terms in Eq. (27) , making the final number very sensitive to the exact values of these three inputs. For instance, with the inputs adopted in Ref. [70] , B over its large-N C prediction, i.e., B
(1/2) 6 > 1, gets amplified in (27) , which results in much larger values of ε /ε.
The crucial observation made in Refs. [40] [41] [42] is that the chiral dynamics of the final-state pions generates large logarithmic corrections to the two relevant decay amplitudes, A 0 | Q 6 and A 2 | Q 8 , which are of NLO in 1/N C . These logarithmic corrections can be rigorously computed with standard χPT methods and are tightly related to the large phase-shift difference in Eq. (5). They turn out to be positive for A 0 | Q 6 and negative for A 2 | Q 8 , destroying the numerical cancellation in Eq. (27) and bringing, therefore, a sizeable enhancement of the SM prediction for ε /ε, in good agreement with its experimental value.
Effective field theory description
Effective field theory provides the appropriate framework to address the multi-scale dynamics involved in kaon decays. While the short-distance electroweak transitions occur at the W mass scale, kaons and pions are the lightest particles in the QCD spectrum and their dynamics is governed by the non-perturbative regime of the strong interaction. A proper description of non-leptonic kaon decays requires then a good theoretical control of shortdistance and long-distance contributions, through a combined application of perturbative and non-perturbative techniques.
We have already displayed in Eq. (18) the relevant short-distance effective Lagrangian at scales µ just below the charm mass, where perturbation theory remains still valid. This Lagrangian corresponds to an effective field theory description with all heavy (M > µ) fields integrated out. Only the three light quarks (and e, µ, ν i , γ, G a ) are kept as explicit dynamical fields. All informations on the heavy fields that are no longer in the effective theory are captured by the Wilson coefficients C i (µ), which can be conveniently calculated with the OPE and renormalization-group methods.
Chiral symmetry considerations allow us to formulate another effective field theory that is valid at the kaon mass scale where perturbation theory can no longer be applied. Since kaons and pions are the Goldstone modes of the QCD chiral symmetry breaking, their dynamics is highly constrained by chiral symmetry, which provides a very powerful tool to describe kaon decays in a rigorous way [1] . Figure 2 shows schematically the chain of effective theories entering the analysis of the kaon decay dynamics.
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Chiral perturbation theory
At very low energies, below the ρ mass scale, the hadronic spectrum only contains the pseudoscalar meson octet; i.e., the Goldstone modes φ a associated with the dynamical breaking of chiral symmetry by the QCD vacuum, which are conveniently parametrized through the 3 × 3 unitary matrix [118] 
inducing a non-linear transformation on the Goldstone fields φ a (x).
The low-energy effective realization of QCD is obtained by writing the most general Lagrangian involving the matrix U (φ) that is consistent with chiral symmetry [114] . The Lagrangian can be organised through an expansion in powers of momenta (derivatives) and explicit breakings of chiral symmetry (light quark masses, electromagnetic coupling, etc.):
Parity conservation requires the number of derivatives to be even, and a minimum of two derivatives is needed to generate non-trivial interactions because U U † = 1. The terms with a minimum number of derivatives will dominate at low energies. To lowest order, O(p 2 ), the effective Lagrangian is given by [116] :
where · · · denotes the three-dimensional flavour trace, D µ U = ∂ µ U − ir µ U + iU µ is the covariant chiral derivative, in the presence of arbitrary right-handed and left-handed (matrixvalued) external sources r µ and µ , and χ ≡ 2B 0 (s + ip) with s and p external scalar and pseudoscalar sources, respectively. Taking s = M, p = 0, and r µ = µ = eQA µ allows one to incorporate the explicit chiral symmetry breakings generated by the non-zero quark masses and electric charges:
Moreover, taking derivatives with respect to the external sources one can easily obtain the effective realization of the QCD quark currents in terms of the Goldstone bosons [118] . One then finds that F is the pion decay constant in the chiral limit (m q = 0), while the constant B 0 is related to the quark condensate. While only two low-energy constants (LECs) appear at O(p 2 ), F and B 0 , ten additional couplings
with
, and 90 LECs more would be needed to compute corrections of O(p 6 ):
The explicit form of the O(p 6 ) operators can be found in Ref. [119] . The current knowledge on all these LECs has been summarized in Ref. [111] .
Quantum loops with Goldstone boson propagators in the internal lines generate nonpolynomial contributions, with logarithms and threshold factors as required by unitarity. Each loop increases the chiral dimension by two powers of momenta [114] . Thus, to achieve an O(p 4 ) accuracy one needs to compute tree-level contributions with a single insertion of 6 There are, in addition, 2 contact terms without Goldstone bosons at O(p 4 ), and 4 more at O(p 6 ), which are only needed for renormalization. The O(p 6 ) LECs are usually denoted C i ≡ F −2 X i . We have changed the notation to avoid possible confusions with the short-distance Wilson coefficients. The χPT Lagrangian contains also the O(p 4 ) Wess-Zumino-Witten term that has no free parameters and accounts for the QCD chiral anomaly [151, 152] . The ultraviolet divergences generated by quantum loops get reabsorbed by the corresponding LECs contributing to the same order in momenta. This induces an explicit dependence of the renormalized LECs on the chiral renormalization scale ν χ :
the divergent subtraction constant in the usual χPT renormalization scheme. Similar expressions apply for the other O(p 4 ) and O(e 2 p 2 ) LECs (K i , N i , D i , Z i ) that will be discussed next, while the O(p 6 ) LECs X i require a two-loop subtraction [120] . The divergent parts of all these χPT couplings are fully known [116, 120, [153] [154] [155] [156] .
In order to include loop corrections with virtual photon propagators, one needs to consider also the electromagnetic Lagrangian [97, 153, 157 ]
The presence of the quark charge matrix allows for a chiral structure without derivatives. The corresponding LEC of this O(e 2 p 0 ) term is determined by the electromagnetic pion mass difference [97] 
Chiral realization of the ∆S = 1 effective Lagrangian
Strangeness-changing weak interactions with ∆S = 1 are incorporated in the low-energy theory as a perturbation to the strong Lagrangian. At LO, the most general effective Lagrangian with the same transformation properties as the short-distance Lagrangian (18) contains three terms [128, 158, 159] :
where λ = (λ 6 − iλ 7 )/2 projects into thes →d transition and L µ = i U † D µ U represents the octet of V − A currents to lowest order in derivatives. Under chiral transformations, these three terms transform as (8 L , 1 R ), (27 L , 1 R ) and (8 L , 8 R ), respectively. To simplify notation, we have reabsorbed the Fermi coupling and the CKM factors into effective LECs:
where g 8 , g 27 and g ewk are dimensionless couplings. The G 8 and G 27 chiral operators contain two derivatives and, therefore, lead to amplitudes that vanish at zero momenta. However, the electromagnetic penguin operator has a chiral realization at O(e 2 p 0 ), given by the term proportional to G 8 g ewk . The absence of derivatives implies a chiral enhancement that we have already seen before in Eq. (24) .
The corresponding NLO effective Lagrangians have been worked out in Refs. [154] [155] [156] 
Matching
In principle, the chiral LECs could be computed through a matching calculation between the three-flavour quark effective theory and χPT. This is however a formidable non-perturbative task. Therefore, one needs to resort to phenomenological determinations, using the available hadronic data [111] . Nevertheless, a very good understanding of the strong LECs has been achieved in the large-N C limit, where the meson scattering amplitudes reduce to tree-level diagrams with physical hadrons exchanged [99] . 
The corresponding derivatives of the χPT generating functional determine the chiral expressions of the QCD currents. At N C → ∞, the generating functional reduces to the classical action because quantum loops are suppressed by powers of 1/N C . The left and right vector currents are then easily computed, by taking derivatives of L eff with respect to
respectively [118] . One easily finds:
We have made explicit the O(p) contributions from the LO Lagrangian L 2 , which are proportional to ji and −(s + ip) ji , one obtains the scalar bilinears
The vacuum expectation value of the last two equations relates the coupling B 0 with the quark vacuum condensate: 0|q j q i |0 = −F 2 B 0 δ ij , at LO. Inserting these expressions into the four-quark operators in Eq. (18), using the factorization property (22) , one finds the χPT realization of L ∆S=1 eff in the large-N C limit. At O(p 2 ), the three chiral structures in Eq. (39) are generated, with the following large-N C values for their electroweak LECs [42, 94] :
In the last line, we have also taken into account the contribution to g 8 g ewk from electromagnetic corrections to Q 6 [94] . The LO terms in Eqs. (45) and (46) give rise to the O(p 0 ) electroweak chiral structure Q 8= −3B 2 0 F 4 λU † QU . An analogous O(p 0 ) contribution is absent for Q 6 because λU † U = λ = 0. Therefore, the χPT realization of the penguin operator Q 6 starts at O(p 2 ), giving rise to the same octet structure as the (V − A) ⊗ (V − A) operators. The only difference is that Q 1,2,4 generate this structure with the LO terms in Eqs. (43) and (44), while in the Q 6 case it originates from the interference of the O(p 0 ) and O(p 2 ) terms in Eqs. (45) and (46) . This is the reason why the C 6 contribution to g ∞ 8 appears multiplied by the strong LEC L 5 , reducing the expected chiral enhancement in a very significant way.
There are no O(p 2 ) contributions from the operators Q 3 and Q 5 , at large-N C , because they are proportional to the flavour trace of the left and right currents, respectively, which vanish identically at LO. The operators Q 7,9,10 start to contribute at O(e 2 p 2 ). The dependence on the short-distance renormalization scale of the Wilson coefficients C i (µ) is governed by the anomalous dimension matrix γ ij of the four-quark operators Q i , which vanishes at N C → ∞, except for the non-zero entries γ 66 and γ 88 . Thus, the µ dependence of C i (µ) with i = 6, 8 disappears when N C → ∞, while that of C 6,8 (µ) is exactly cancelled by the factor
Thus, the computed LECs in Eq. (47) (47), will generate a residual µ dependence at NLO in 1/N C . At N C → ∞, the strong LECs are also independent on the χPT renormalization scale ν χ because chiral loops are suppressed by a factor 1/N C . The renormalization of the LECs L i and their corresponding ν χ dependences can only appear at NLO in the 1/N C expansion. The O(p 4 ) strong LEC L 5 plays a very important role in the ε /ε prediction because it appears as a multiplicative factor in the C 6 (µ) contribution to g ∞ 8 . Its large-N C value can be determined from resonance exchange, using the single-resonance approximation (SRA) [97, 99] :
The numerical result is, however, very sensitive to the chosen value for the scalar resonance mass. Taking F = F π and M S = 1.48 GeV, as advocated in Ref [160] , one gets L . An independent determination can be obtained from the pion and kaon decay constants, ignoring the 1/N C suppressed loop contributions [42] :
This procedure, which has actually been used in the rough estimate of the Q 6 matrix element in Eq. (25) , is also subject to large uncertainties because the SU (3)-breaking difference Table 2 : Large-N C predictions for the CP-even parts of the LO electroweak LECs.
[161], analysing F K and F π at different quark masses with N f = 2 + 1 + 1 dynamical flavours, and is the result advocated in the current FLAG compilation [96] :
We will adopt this number in our analysis and will comment later on the sensitivity to this parameter of the ε /ε prediction. The combination 2L 8 − L 5 can also be estimated in the large-N C limit, through the SRA, and it gets determined by L 5 [99] :
This relation is well satisfied by the current lattice results that find (2L [96, 161] . The electromagnetic LECs K i can be expressed as convolutions of QCD correlators with a photon propagator [162] , and their evaluation involves an integration over the virtual photon momenta. In contrast to the strong LECs L i , the K i couplings have then an explicit dependence on the χPT renormalization scale ν χ already at LO in 1/N C . Moreover, they also depend on the short-distance renormalization scale µ and the gauge parameter ξ. Those dependences cancel in the physical decay amplitudes with photon-loop contributions. In order to fix the combination K 9 − 2K 10 that enters g ewk in Eq. (47), we follow Ref. [94] and adopt the value [162, 163] 
which refers to the renormalized parameter at ν χ = M ρ , in the Feynman gauge ξ = 1 and with a short-distance scale µ = 1 GeV. Expanding the products of chiral currents to NLO, one obtains the large-N C predictions for the O(p 4 ) and O(e 2 p 2 ) LECs N i , D i and Z i . The explicit expressions can be found in section 5.2 of Ref. [94] . Tables 2 and 3 show the numerical predictions obtained for the CP-even and CP-odd parts, respectively, of the LO electroweak LECs g 8 , g 27 and g 8 g ewk . The large-N C limit has been only applied to the matching between the two EFTs. The full evolution from the electroweak scale down to µ < m c has been taken into account without making any unnecessary expansion in powers of 1/N C ; otherwise, one would miss the large short-distance corrections encoded in the Wilson coefficients C i (µ) with i = 6, 8. Table 3 : Large-N C predictions for the CP-odd parts of the LO electroweak LECs.
The central values quoted in the tables have been obtained at µ = 1 GeV. The first uncertainty has been estimated by varying the short-distance renormalization scale µ between M ρ and m c , taking into account the large-N C running for the factor (m s + m d )(µ) in B(µ). The current uncertainties on the strong and electromagnetic LECs that appear in Eqs. (47) and (48) is reflected in the second error, while the third one corresponds to the uncertainty from the input quark masses given in table 6. To better assess the perturbative uncertainties, the Wilson coefficients have been evaluated in two different schemes for γ 5 , and an educated average of the two results is displayed in the tables.
It is important to realize the different levels of reliability of these predictions. The large-N C matching is only able to capture the anomalous dimensions of the operators Q 6 and Q 8 . In fact, γ 66 and γ 88 are very well approximated by their leading estimates in 1/N C . Therefore, the contributions of these two operators to the electroweak LECs are quite robust, within the estimated uncertainties. This implies that the predicted CP-odd components of g 8 and g 8 g ewk (g 27 is CP even) are very reliable. However, this is no longer true for their CP-even parts because the anomalous dimensions of the relevant operators are completely missed at large-N C . The parametric errors quoted in table 2 are probably underestimating the actual uncertainties of the calculated CP-even components of the electroweak LECs. An accurate estimate of these components would require to perform the matching calculation at the NLO in 1/N C .
χPT determination of the K → ππ amplitudes
The evaluation of the kaon decay amplitudes is a straightforward perturbative calculation within the χPT framework. To lowest order in the chiral expansion, one only needs to consider tree-level Feynman diagrams with one insertion of L ∆S=1 2 . In the limit of isospin conservation, the A ∆I amplitudes defined in Eq. (4) are given by [42, 94] 
and A 5/2 = 0. From the measured values of the decay amplitudes in Eq. (5), one gets the tree-level determinations g 8 = 5.0 and g 27 = 0.25 for the octet and 27-plet chiral couplings. The large numerical difference between these two LECs just reflects the small experimental value of the ratio ω in Eq. (6) . Moreover, the sizeable difference between these LO phenomenological determinations and the large-N C estimates in table 2 makes evident that the neglected 1/N C corrections are numerically important. Inserting in (54) the large-N C predictions for the electroweak LECs given in Eq. (47) and taking for L 5 the value in Eq. (50), one immediately gets the Q 6 and Q 8 CP-odd amplitudes estimated before in Eqs. (25) and (26) Note, however, that the ππ phase shifts are predicted to be zero at LO in χPT, since phase shifts are generated by absorptive contributions in quantum loop diagrams. We know experimentally that the phase-shift difference χ 0 − χ 2 = 47.5
• is large, which implies that chiral loop corrections are very sizeable. Chiral loops bring a 1/N C suppression but they get enhanced by large logarithms. The large absorptive contributions originate in those logarithmic corrections that are related with unitarity. A large absorptive contribution implies, moreover, a large dispersive correction because they are related by analyticity. A proper understanding of the kaon dynamics cannot be achieved without the inclusion of these 1/N C suppressed contributions.
At the NLO in χPT the A ∆I amplitudes can be expressed as [94] 
where A
∆I and A (27) ∆I represent the octet and 27-plet components, and A
∆I contains the electroweak penguin contributions. Each of these amplitudes can be decomposed in the form A
with . Since we are not considering electromagnetic corrections, A 5/2 = 0.
A small part of the O(p 4 ) corrections has been reabsorbed into the physical pion decay constant F π , which appears explicitly in the three terms of Eq. (55) . The NLO relation between F π and the Lagrangian parameter F is given by [116] 
The chiral logarithmic corrections are obviously suppressed by the geometrical loop factor (4π) −2 and two powers of the Goldstone scale F ∼ √ N C . Thus, these contributions and the corresponding dependence of the renormalized L X a 1.03 + 0.47 i 0.01 ± 0.63 0.01 ± 0.63 Table 4 : Numerical predictions for the A 1/2 components: a Table 5 : Numerical predictions for the A 3/2 components: a
Chiral loop corrections
The one-loop chiral corrections are generated through the Feynman topologies depicted in figure 3 [40-42, 93-95, 154, 164-166] . They include one insertion of the LO weak Lagrangian L The absorptive contribution fully originates in the first topology of figure 3, since it is the only one where the two intermediate pions can be put on their mass-shell [42] :
is the renormalized one-loop scalar integral with two pion propagators and q 2 = M 2 K , and
These results reproduce the LO χPT values for the strong ππ scattering phase shifts with J = 0 and
• , is somewhat lower than its experimental value showing that higher-order rescattering contributions are numerically relevant. The one-loop integral in Eq. (60) contains, in addition, a large chiral logarithm of the ultraviolet scale ν χ over the infrared scale M π , which enhances significantly the dispersive component of the I = 0 amplitude and suppresses the I = 2 one.
The complete analytical expressions for the one-loop corrections ∆ L A
∆I can be found in Refs. [42, 94] . The absorptive contributions are finite and, therefore, do not depend on the chiral renormalization scale. An explicit dependence on ν χ is, however, present on the dispersive components. The numbers quoted in tables 4 and 5 have been obtained at ν χ = M ρ = 0.77 GeV. The dependence on ν χ is of course exactly cancelled by the local counterterm contributions.
One observes in table 4 a huge (∼ 100%) dispersive one-loop correction to the A 27 1/2 amplitude. Fortunately, since the 27-plet contribution is a very small part of the total ∆I = 1 2 amplitude, this does not introduce any significant uncertainty in the final numerical value of A 0 . Moreover, the 27-plet components do not contribute to the CP-odd amplitudes we interested in, because Im(g 27 ) = 0.
The corrections relevant for ε /ε are the octet contribution to the isoscalar amplitude and the electroweak-penguin contribution to A 2 . The first one generates a very sizeable enhancement of ImA 0 by a factor |1 + ∆ L A (27), one immediately realizes the obvious impact of these chiral corrections on the final value predicted for ε /ε, since they destroy completely the accidental numerical cancellation between the Q 6 and Q 8 contributions.
Local O(p 4 ) contributions
Explicit expressions for the local ∆ C A
∆I corrections in terms of the O(p 4 ) electroweak LECs can be found in Refs. [42, 94] . In the large-N C limit, the local contribution to the A amplitude takes the form
The NLO corrections δ P 8 depend on some O(p 6 ) LECs X i that are not very well known. The relevant combinations can be estimated with the SRA, up to unknown contributions from couplings with two resonance fields [100] :
Since the contributions from Q 6 and the other four-quark operators get different NLO corrections, the O(p 4 ) corrections to the CP-even and CP-odd octet amplitudes,
are also different. ∆I amplitudes only depend on L 5 , in the large-N C limit:
Thus, all local NLO contributions are finally determined by the input value of L 
The SM prediction for ε /ε
Putting all computed corrections together in Eq. (14), we obtain the updated SM prediction Re (ε /ε) = 15 ± 2 µ ± 2 ms ± 2 Ω eff ± 6 1/N C × 10
The input values adopted for the relevant SM parameters are given in table 6, in the appendix. We have only calculated theoretically the CP-odd amplitudes ImA I . For their CP-even counterparts (and |ε|) the experimental values have been taken instead. We display explicitly the four main sources of errors. The first one reflects the fluctuations under changes of the short-distance renormalization scale µ in the range between M ρ and m c , and the choice of scheme for γ 5 . The second uncertainty shows the sensitivity to variations of the input quark masses within their currently allowed ranges, while the third one displays the uncertainty from the isospin-breaking parameter Ω eff . The fourth error accounts for the sum of squared uncertainties from the input value of L 5 (± 5 · 10 −4 ) and the χPT scale ν χ that is varied between 0.6 and 1 GeV (± 3 · 10 −4 ). This fourth error is by far the dominant one and reflects our current ignorance about 1/N C -suppressed contributions in the matching process.
In figure 4 , we show the prediction for ε /ε as function of the input value of L 5 . The strong dependence on this important parameter is evident from the plot. The experimental 1 σ range is indicated by the horizontal band, while the dashed vertical lines display the current lattice determination of L r 5 (M ρ ). The measured value of ε /ε is nicely reproduced with the preferred lattice inputs. In order to better appreciate the dynamical contributions that have been included in Eq. (66), it is worth to go back to the schematic description of EFTs displayed in figure 2 . Starting with the SM at the electroweak scale, where the underlying ∆S = 1 transitions take place, we have first used the full machinery of the short-distance OPE to determine the effective Lagrangian L ∆S=1 eff , defined in the three-flavour quark theory at scales just below the charm mass. We have included all NLO contributions to the Wilson coefficients C i (µ), without making any large-N C approximation. The OPE sums up large logarithmic QCD corrections, but most of these logarithms are suppressed by factors of 1/N C because the anomalous dimension matrix γ ij of the Q i operators vanishes at N C → ∞, except for γ 66 and γ 88 which remain non-zero. Since
at µ = µ 0 = 1 GeV, it would not make much sense to neglect "subleading" corrections in 1/N C . At the kaon mass scale, we have made use of a different effective field theory that takes advantage of the chiral symmetry properties of QCD to constrain the pseudoscalar Goldstone dynamics. χPT is the appropriate tool to describe rigorously the physics of kaons and pions, through a low-energy expansion in powers of momenta and quark masses [1] . Chiral symmetry determines the effective realization of L ∆S=1 eff at the hadronic mass scale; i.e., the most general form of the low-energy χPT structures with the same symmetry properties than the four-quark operators Q i , at a given order in momenta. All short-distance information is encoded in LECs that are not fixed by symmetry considerations. The K → ππ amplitudes can then be easily predicted in terms of those LECs. The χPT predictions include unambiguous quantum corrections, which comply with the requirements of unitarity and analyticity.
The so-called chiral logarithmic corrections are also suppressed by factors of 1/N C (quantum loops are absent from the N C → ∞ mesonic world [99] ), but they cannot be ignored since they are responsible for the large ππ phase shifts that originate in their absorptive contributions. Moreover, the dispersive logarithmic corrections are also large when the two pions are in a J = 0 state. Once again, a 1/N C suppression gets compensated by a large logarithm: at ν χ = ν 0 = 1 GeV,
The measured kaon decay amplitudes cannot be understood without the inclusion of these large, but 1/N C suppressed, contributions. Our SM prediction in Eq. (66) includes of course the full O(p 4 ) χPT results, without any unnecessary 1/N C approximation. The limit of a large number of QCD colours has been only used to perform the matching between the two EFTs; i.e., to evaluate the numerical values of the χPT LECs. Thanks to the factorization property in Eq. (22), the hadronic matrix elements of the four-quark operators can be reduced to matrix elements of QCD currents at N C → ∞. Since these currents have well-known χPT realizations at low energies, the electroweak LECs can be easily determined in the large-N C limit. The intrinsic uncertainty of this determination is of O(1/N C ), but it is not enhanced by any large logarithm of two widely separated mass scales.
The large-N C structure of the anomalous dimension matrix γ ij allows us to better assess the quality of our matching procedure. At N C → ∞, the only non-zero entries are γ 66 and γ 88 , which, moreover, are well approximated by their large-N C estimates. Thus, the shortdistance properties of Q 6 and Q 8 are very efficiently incorporated into the corresponding χPT couplings through the large-N C matching. In fact, the leading renormalization-scale dependence of C 6 (µ) and C 8 (µ) cancels exactly with the running of the light quark masses appearing through the χPT factor B(µ) in Eq. (48) . Fortunately, Q 6 and Q 8 are precisely the only two operators that really matter for the numerical prediction of ε /ε. This is no longer true for the other four-quark operators because their anomalous dimensions are lost at N C → ∞. The µ dependence of their Wilson coefficients cannot be compensated in the large-N C matching process, which indicates the relevance of the missing 1/N C contributions. The bulk of the ∆I = 1/2 enhancement is associated with the octet operator Q − , while ∆I = 3/2 transitions originate from Q (27) . Since the 1/N C -suppressed anomalous dimensions of these two operators are a crucial ingredient of the K → ππ dynamics, an accurate prediction of the CP-even decay amplitudes will only become possible with a matching calculation at NLO in 1/N C [56] [57] [58] .
Discussion and outlook
The SM prediction for ε /ε, given in Eq. (66) , is in perfect agreement with the measured experimental value (3). The final result emerges from a delicate balance among several contributions, where the chiral dynamics of the two final pions plays a very crucial role. The ππ rescattering corrections destroy the naive cancellation between the Q 6 and Q 8 terms in Eq. (27) , enhancing the positive Q 6 contribution and suppressing the negative contribution from Q 8 . The small corrections from other four-quark operators to ImA are not important numerically, once the cancellation is no longer operative.
The low values of ε /ε claimed in some recent references [68] [69] [70] originate in simplified estimates of the relevant K → ππ amplitudes that neglect the long-distance contributions from pion loops. Following a 1/N C -inspired approach [64] , Ref. [68] has advocated the inequality B
(1/2) 6 ≤ B (3/2) 8 < 1, which has been later adopted in subsequent works. However, this very questionable result is obtained within a chiral model that only includes the O(p 4 ) L 5 structure, neglecting all other terms in Eq. (33) . Moreover, the only computed 1/N C corrections correspond to some non-factorizable divergent contributions of the form log (Λ 2 /M 2 ), with Λ an UV cut-off that is identified with the short-distance renormalization scale µ, and M a badly-defined infrared scale of O(M K ). All other quantum corrections (including the important absorptive contributions) are just ignored. Notice also that in order to properly define the parameter B , one needs first to specify L ∞ 5 , which in Ref. [68] is fixed at the large value shown in Eq. (50) .
It has been well known for many years that the elastic scattering of two pions with zero relative angular momentum is very strong and generates a large phase-shift difference between the I = 0 and I = 2 states [167] . This important dynamical effect is well understood and has been rigorously predicted within the χPT framework. The relevant quantum corrections have been computed by many groups for K → ππ [40] [41] [42] [93] [94] [95] 154, [164] [165] [166] 168, 169] , K 4 [170] [171] [172] [173] [174] and ππ → ππ [115, 116, 175, 176] , reaching a two-loop precision in the last two cases. Higher-loop effects have been also estimated with dispersive methods and many successful phenomenological analyses of the relevant data have been put forward along the years [177] [178] [179] [180] [181] [182] [183] [184] . The inclusion of all known χPT corrections is a compulsory requirement for a reliable prediction of the kaon decay amplitudes [1] .
The recent RBC-UKQCD lattice calculation [54, 67] , which also finds a low central value for ε /ε, follows the Lellouch-Lüscher prescription [89] in order to incorporate the Minkowskian pion dynamics into the numerical simulation. Their results look quite encouraging, since it is the first time that a clear signal of the ∆I = 1/2 enhancement seems to emerge from lattice data [55] . However, the value obtained for the isoscalar ππ phase shift disagrees with the experimental determination by 2.9 σ. This discrepancy is larger than the one quoted for ε /ε (2.1 σ), indicating that these results are still in a very premature stage and improvements are clearly needed. In addition, the current lattice result does not take into account any isospin-breaking effects, which are a very important ingredient of the ε /ε prediction [93] [94] [95] . The inclusion of electromagnetic corrections in lattice simulations of the K → ππ amplitudes looks difficult, but proposals to face some of the technical problems involved are already being considered [185] .
The quoted uncertainty of the SM prediction of ε /ε in Eq. (66) is three times larger than the current experimental error. This leaves ample margin to speculate with hypothetical new-physics contributions, but prevents us from making a precise test of the SM mechanism of CP violation that could give significant constraints on the CKM parameters [186] .
In order to achieve a better theoretical accuracy, the different ingredients entering the calculation must be substantially refined. Improvements look possible in the near future through a combination of analytical calculations, numerical simulations and data analyses:
• A NNLO computation of the Wilson coefficients is currently being performed [140] . The known NNLO corrections to the electroweak penguin operators [138] reduce the scheme dependence of C 8 (µ) in a quite significant way and slightly increase the negative Q 8 contribution to ε /ε. A complete NNLO calculation should allow for a similar reduction of the y 6 (µ) uncertainty. Since the quark-mass anomalous dimension is already known with a much better O(α 5 s ) precision [187] , the large-N C matching could be trivially promoted to NNLO accuracy in α s , once the Wilson coefficients are determined at this order.
• The isospin-breaking correction Ω eff plays a quite important role in the ε /ε prediction.
A complete re-analysis with updated inputs would be highly welcome because the moderate value of Ω eff results from a large numerical cancellation among different electromagnetic and strong contributions. Work in this direction is currently under way [188] .
• Applying soft-pion techniques, the O(e 2 p 0 ) coupling g 8 g ewk can be related to a dispersive integral over the hadronic vector and axial-vector spectral functions [189] [190] [191] [192] . This makes possible to perform a phenomenological estimate of this LEC with τ decay data. The published analyses, using the τ spectral functions measured at LEP, agree reasonably well with the large-N C determination, but their errors are rather large [193] [194] [195] [196] . A new phenomenological analysis, using the recently updated and more precise ALEPH τ data is close to being finalized [197] . Several lattice calculations of the matrix element ππ|Q 8 |K have been also published (some of them in the chiral limit) [49, 50, 54, 66, 67, 198] .
• A matching calculation of the weak LECs at NLO in 1/N C is a very challenging task that so far remains unsolved. Several analytical approaches have been pursued in the past to estimate the hadronic matrix elements of the Q i operators beyond the large-N C approximation [35-37, 43, 44, 56-65] . A fresh look to these pioneering attempts from a modern perspective could bring new enlightenment and, perhaps, could suggest ways to implement some of these methods within a well-defined EFT framework where a proper NLO matching calculation could be accomplished.
• The dominant two-loop χPT corrections originate from large chiral logarithms, either associated with unitarity contributions or infrared singularities of the massless Goldstone theory [40-42, 199, 200] . A reliable estimate of these two-loop contributions should be feasible.
• In the next few years, lattice simulations are expected to provide new data on K → ππ transitions, with improved methods and higher statistics [92] . Combined with appropriate χPT techniques, a better control of systematic uncertainties could be achieved. Moreover, analysing the sensitivity of the lattice results to several input parameters, such as quark masses and/or the electromagnetic coupling, one could try to disentangle the different contributions to the decay amplitudes and get a better understanding of the underlying dynamics. Improved lattice determinations of the strong LECs are also needed, in particular of the crucial L 5 parameter.
At present, the SM prediction of ε /ε agrees well with the measured value and provides a qualitative confirmation of the SM mechanism of CP violation. The theoretical error is still large, but the prospects to achieve a better accuracy in the next few years are good. A significant step forward in our theoretical understanding of the kaon dynamics would allow us to perform a precise test of the electroweak theory, giving complementary and very relevant information on the CKM matrix structure in the kaon sector. 
A Inputs
